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2 A b str a c t
A rational in terpolating cubic curve which implicitly maintain* first order geometric 
continuity iu splines has been developed. The curve is formed by blending two 
rational quadratic  curves. Since the blending method used was originally introduced 
by Overliauser, this curve is referred to as the Rational Overliauser (Hover) curve. 
The curve formulation utilizes four shape factors to provide control of the curve. A 
geomtrical and analytical interpetation of these shape factors and their relationship 
to each o ther is discussed. Procedures for representing conic sections using the 
rational Overliauser curve are presented. Also included are techniques for m apping 
between the Hover curve and rational forms of the Hennile , Ilezier, and IJ-Spline 
curves.
3 In tr o d u c tio n
In the last twenty years there have been many different param etric  curve forms 
developed for geometry-based interactive design systems. These curves are utilized 
for both free-form design and conic section definition. A free-form curve is usually 
characterized as a smooth curve with no particular shape while the conic sections 
include circles, ellipses, hyperbolas, and parabolas.
User-interface concerns have been a major influence on the development of new 
free-form curves for such design systems. These concerns have centered mainly on 
methods for definition and control of the curves. Curves may be classified into two 
categories: interpolating and approximating. An interpolating curve will pass ex­
actly through the control points used to define it. A curve that merely approaches 
the control points used in its definition is called an approximating curve. Approx­
im ating curves have been the focus of most recent work on curves because they 
have been perceived as having more intuitive control. As a result of this trend, the 
development of new interpolating curve forms has been neglected, although in many 
cases an interpolating curve definition is more natural than an approximating one.
Conic section definition with parametric curves has required the use of rational 
curve forms. These forms are defined by ratios of param etric polynomials. They 




This work is concerned with the development of a new interpolating rational 
curve form. It uses four shape factors to provide natural control of the curve. Also 
as a rational curve, methods for conic section definition are detailed. Additionally, 
mappings are introduced for the purpose of comparing this new curve to other 
current curve forms.
4 B a ck g ro u n d
Param etric curve forms have been used in almost all previous free-form curve 
development. Some of the earliest work with the parametric cubic was performed 
by Ferguson [12]. This curve definition was a Hermite interpolation scheme in which 
a  curve was defined by two endpoints and the param etric tangents at each of those 
points. A series of these curves can be easily combined to form a composite curve 
having second order continuity at each node. In this type of composite curve, the 
points through which the curve passeB and the tangentB at the first and last points 
are specified. These boundary conditions allow the calculation of internal tangents 
ensuring second derivative continuity.
Coons [11] investigated the use of parametric curves based on Hermite in terpo­
lation schemes as boundaries for surface patches. Besides the cubic, he also worked 
with rational quadratics and rational cubics. Rational curves are conveniently rep 
resented using homogeneous coordinates [3,22], since the component coordinates are 
expressed as polynomial ratios with common denominators. These curves include 
both conics and cubics as special cases. Based on Coons’ work, Ahuja [2] developed 
a m ethod of producing rational cubic splines similar in definition to regular cubic 
splines. Forrest [13] took a more general approach to the rational polynomial. His 
approach enabled him to derive additional properties of the curves. A significant 




While the m athematics was flexible and fundamentally sound, the necessity 
for specifying param etric tangents generally resulted in an awkward user-interface. 
Unless the designer understood the mathematics, the curves were difficult to use. A 
successful approach to eliminating the need to deal with parametric tangents was to 
utilize approximating splines. Bezier [7] developed the first practical approxim ating 
curve form for CAD systems. A Bezier curve is defined by two endpoints and 
control points off the curve which indirectly define the tangents. The B-spline, 
which includes the Bezier curve as a subset, was developed by Riesenfeld [21] and 
later studied further [15,16]. This curve utilizes a  set of control points which do 
not necessarily lie on the curve itself. Barsky's Beta-splines [6] are a  two param eter 
family of cubic approximating splines containing uniform cubic B-splines as a  special 
case.
Rational approximating curve forms have also been investigated. The T-conic 
developed by Rowin [23] was an early rational cubic in practical use. The CON- 
SURF program described by Ball [4,5] uses two special cases of the rational cubic, 
the linear parametric segment and the generalized conic segment. Forrest [14] later 
presented a rational cubic Bezier curve which contained the T-conic, linear p a ra ­
metric segment, and generalized conic segment as special cases. Also of note is the 
rational B-spline form investigated by Versprille [25] and Tiller [24].
Interpolating curves with implicitly defined tangents are also amenable to a
5
comfortable user interface. The cardinal spline as described by Clark [10] is an 
interpolating curve with an adjustable tension parameter. The Catmull-Rom cubic 
spline [9] 1b a  special case of the cardinal apline. Koch&nek [18] used a modified 
form of the Catmull-Rom curve for animation. Parabolic blending as suggested 
by Overhauser [20] and later improved by Brewer and Anderson [8] resulted in 
another derivation of the Catmull-Rom spline. However, the blending m ethod is 
significantly more general than previously implied In an earlier approach, the 
au thor [17] utilized this blending technique in investigating an interpolating rational 
cubic curve.
5 N o ta t io n
This paper will utilize homogeneous coordinates and adhere to the following 
notations! conventions.
Point in homogeneous space
w P — w t  wy  wz  w
Point in Euclidean space
p  = x y z 1 mg wy Uft 1w w w
Param etric  curve in homogeneous space
wC( t )  —
Param etric  curve in Euclidean space
C{t) *(*) i/(0 * (0  i
tft( t) wy(t) wi{ t) ^
io(() tu{t) tu(f)
Param etric  tangent in homogeneous space
wP'( t )  ~  t ) w y ‘( t) wz' ( t )  u>'( t )
tV p \ t )  -  w'( t )P(t )  + w ( i ) P ’(i)
Param etric  tangent in Euclidean space
P'(t) =
P ‘{t) =
A t )  »'((} A t )  o
u>P'(t) -  P (()
iy(()
6
The above definitions are for three dimension. For two dimension remove the 
component of each expression.
6 R a tio n a l P a ra m etr ic  Q u ad ratic
6.1  C u rv e  D e fin it io n
The Overhauser curve is formed by blending two interpolating quadratic curves. 
Similarly, the rational Overhauser will be formed by blending two rational in terpo­
lating quadratic curves. The general matrix equation for a rational quadratic  curve
is:
t 7 t 1
1 - 2  1 U7q 0 0 P0
- 2  2 0 0 wt 0 Pt
1 0 0 0 0 u>i Pi
( 1 )
Forrest [14] showed tha t a rational quadratic could be geometrically defined as 
shown in Figure 1 . The starting point of the curve is P0 and the endpoint is P\. Pt 
is the tangent intersection point. The line connecting Pt and the midpoint of the 
line between P0 and P ! ( Pm ) intersects the curve at P ,. This point is given by the 
equation:
Pt -  (1 - p ) P m + pPt
P.  =  \ v - P ) P t  + ! > P t + \ ( l - p ) P x  (2)
T he scalar quantity p  is called the conic shape factor and is a ratio of the lengths
of the lines P,Pm and PtPm. The curve’s parametric value ranges from 0 at P0 to 
1 at P\.  Differing from Forrest’s work, the param eter value at Pt ( p, ) is not set 




F ig u re  1: G eo m etr ic  D efinition of R a t io n a l  Q u a d ra t ic
allows for the determination of the w ’s in equation 1.
P. = —w.
wq —2 w t u’i Po
— 2u»o 2wt 0 Pt
i
ooo3 Pi




Solving the above equation gives :
u>i = (1 ~ P )
2{p — l ) Ju>, 1 2/t(l -  p )w t * 2p 2w t
As all the tn’s are multiplied by wt , we can select any appropriate  value for to, 
without affecting the curve shape. Selecting








2(1 -  p)
t 1 -  /*) (! “  P) P
We also must transform the curve equation so tha t the point P, is used instead of Pt.
This is necessary as the blending method used requires a curve tha t interpolates
it control points. Equation 3 relates P, and Pt and the m atrix  equation for the
transform ation is as follows:
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Substituting the w ’s into Equation 1, applying the above transform ation, and setting 
a  = 1/(1 — p) results in the following m atrix  equation for the rational quadratic
curve:
wC{t )  = t 2 i 1
li-f)
(m - 1 )
(»-»*) 0
1 Po
- 1 p . (4)
0 Pi
6 .2  C u rv e  C o n tro l
W hat type of conic the rational quadratic curve represents is determined by the 
shape factor p. To avoid asymptotes and a hyperbolas with semi-infinite lines [14] p 
must be less than  1. Table 1 shows the correspondence between p and o . Figure 2
P < 1 a > 0
*>>1/ 2 o > 2 hyperbola
*>=1/ 2 a — 2 parabola
*><1/ 2 a < 2 ellipse
Table 1: p and a  relationship
illustrates the effects of changing a  while keeping the same control pointB.
The param eter p  has the range 0 < u < 1. The effect of changing p  is to 
modify the parameterization of the curve. Shown in Figure 3 are the results of only 
changing p.













F ig u re  3: V aria tio n  of f i  for R a t io n a l  Q u a d ra t ic
7 R a tio n a l O verh au ser
7.1 C u rv e  D e fin itio n
W ith the rational quadratic curve developed in the last chapter, we can now 
proceed with the blending formulation of the rational cubic. The linear blend of 
rational quadratic curveB in homogeneous space may be written as:
ti)C(t) = (1 — <) * u)P(r) +  /tnQ(s) (5)
where r, s, and t are param eters and w P ( r ) and u>Q(,s) are rational quadratics. A 
geometric representation of thiB equation in Euclidean space is shown in Figure 4a. 
Curve P ( r )  passes through the points P i,P j and Fa, while curve Q(s) passes through 
points PjvPs, and P*. The m atrix  equations for P ( r )  and <?{s) are






a i l 2a - 1 Pi
0 0 P3
1
l-u - 2 0
I
V Pi
v+\ 20 - 1 P3
V
\-u 0 0 P*
( 0 )
(7)
If r,s and t are linearly related such that:
r = K l * i  + K 2  s = h ’3 * t + K 4 ( 8 )
then the resulting curve wC(t )  is a rational cubic. By assigning param eter values 







J =  1
P A
F ig u re  4: B lend ing  F o rm u la t io n  of R a t io n a l  C ubic
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Letting:
P (  0) =  P I  P (u )  =  P2  P ( l )  =  P 3
<?(0) =  P 2  Q(v) = P  3 <?(!} = P 4
<7(0) =  P 2 C(  1) -  P3
and solving equations 8 then:
p =  (1 — u) + t +  u s — v * t. (9)
Substituting equation 6, equation 7, and equations 9 into equation 5 gives in m atrix
form:
w C { t ) = ta P t 1 A P ( 10 )
Pi P i  Pa P4
M - l  „
- 2 ( ^ - 1 )  - 2 a ( 3 ^ -  2)(p -  1 ) +  +  2p„
( / i - 1 )  2 o ( 3 ^  -  l ) ( / x  -  1 )  -  - ( # * - ! )  0
0 — 2a /i( / i  — 1) 0 0
We can divide [A] by 1 — without changing the curve which results in:
— 1 — 2 a f  i t  — 1 \ 4- -— — — --  n z l  a  M i d -----
2 2a(3/x -  2 ) -------(h-1)(m-1)
- 1  - 2 a ( 3 ^ - l ) + (v_1)̂ _ 1)
0  2  a / i
iii-i _




Thus we have a  rational cubic curve as a function of four shape factors( a ,  /?, fj. and 
v)  and four points in space. For convience the rational Overhauser will henceforth 
be referred to as the Rover curve.
7.2  F irst D er iv a tiv e
As we are interested in using this new curve in a design system, knowledge of the 
curve's tangent directions is im portant. Taking the derivative of u)C(t)  gives:
wC'{t) = w'(t)  * C(t)  + w{t) * C \ t ) ( 1 1 )
The left hand side of equation 11 is the derivative of equation 10
w C \ t )  = 3f1 2# 1 0 ( 1 2 )
where [A] and [P] are matrices as previously defined. Rearranging equation 11 to
solve for C'{t)
C \ t )  =
wC"(Q m>*(<)Cm(o  
«>(*)
(13)




w ' ( l )
-  2 afi
201/(1 -  is)
1 ~ V
I S
{is -  l)(^i -  1 )
2/3ts{3u  -  2)  1
u  — 1 li
2a(3/i -  1)
18
tuC'(O) -  P8 -  Pi + />,( _  ■_ ^  -  2a(3^i -  1))
w e d )  =  a  f ,  + f , ( 2 ; M 3 , , : 2) -  -fl — 1 u
C(0) =  P a 
C( l )  = P3
Solving equation 13 at each of the endpoints we obtain:
c '< ° > = ^ r  c '(1) = (14)
7.3  P o in t an d  S h a p e  F actor C o n tro l
Two means of controlling the rational Overhauser curve are provided. The first 
is the obvious m ethod of moving the control points. Points P3 and P3 are the 
endpoints of the curve and points Pi and P< control the tangent directions of the 
curve at the endpoints. The change in any point will affect the entire curve. In a 
composite curve, the effect of moving a point is confined to four consecutive curve 
segments. Figure 5 graphically illustrates this effect.
The other method of controling the curve is to utilize the shape factors. The 
shape factors will be split into two categories, a  and (3 wilt be classified as ge­
ometric shape factors and fj, and v  will be called param etric shape factors. This 
categorization is based on the type of control each shape factor provides in a  rational
19
F ig u re  5: P o in t  C on tro l
20
quadratic curve.
The geometric shape factors control the shape of the quadratics tha t  are being 
blended together, a  and 0  have the same restrictions for the cubic curve as those for 
the quadratic (Table 1). Thus as long as a  > 0 and (3 > 0 the cubic curve will have 
no asymptotes in the range 0 > t > 1. Figures 6 and 7 show how changing a  affects 
the shape of both the cubic and quadratic curves. In these figures, the dotted 
line represents the cubic curve. As shown in Equation 14, the geometric shape 
factors modify the the tangent vector magnitudes at the endpoints. Decreasing 
values of a  and 0  increase the magnitudes of the tangent vector at points P2 and 
Pi  respectively. Increasing values decrease the magnitudes. In Figure 8 are shown 
examples of changing a  and 0  values.
The param etric shape factors also affect the tangent vector magnitudes. As // 
is decrease'.! the m agnitude at P2 increases, but as r  is decreased the tangent m ag­
nitude at P3 decreases. Although they have similar effects to the geometric shape 
factors, the param etric factors actually control how the two quadratic curves are 
blended. The param etric factors change the parameterization or point distribution 
in each of the quadratics. This therefore changes the points on the quadratics which 
are blended together to form a point on the cubic. In Figure 9 is shown the effects 
of changing and u.
There are four special cases of the parametric shape factors which need expla­
nation. First, when u — 0 the cubic curve ieduces to a segment (from P2 to P3) of
21
P 2 P 4
P 1 P 3
a  =  6
p l P 3
F ig u re  6: a  C on tro l
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P 2 P 4
P t P 3
9 2 P 4
P 31/2a
F ig u re  7: a  C o n tro l
23
F ig u re  8: a  arid /? C on tro l
24
F ig u re  9: f i  a n d  u  C on tro l
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the quadratic curve through pointB P i, Pj, and P 3. In this situation P« has no affect 
on the curve and may have any position. Similarly, when /a =  1 the cubic curve 
becomes a portion (from Pa to P3) of the quadratic curve through points Pa, P3 
and P ,. Here Pi may have any position. The third special case is when u =  1 — /r. 
W ith  this condition the equations for the tangents at points Pa and P3 become:
p '(o )  = p * ~  Pl p ' ( i )  =  p \ ~  Pl 
2 afi  2/3/i
As can be seen from the above equations, // becomes an overall scaling factor of 
the tangent magnitudes at the endpoints. This type of control is very effective 
when trying to eliminate unwanted cusps or loops in the curve. Shown in Figure 10 
is the elimination of a loop by increasing /i. Lastly, as expected the non-rational 
Overhauser is a  subset of the Rover curve. This subset is formed whenever a  = 0  =  
2 and /i =  u =  1 /2.
An interactive graphics program (Appendix) was instrumental in experimenting 
with the Rover cuive. From these experiments it became obvious th a t  in any initial 
design use of the Rover, the default definition should be the non-rational Overhauser 
case. For interactive m anipulation the third case when u =  1 — /r was also found to 
be quite useful.
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F igure  10: Loop E l im in a tio n
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7 .4  S p lin e  C o n tin u ity
Curve splining capabilites are an im portant part of any curve design system. The 
term  splining in this work is meant to signify tha t two curves are joined to form a 
composite curve with at least first order continuity. As such, we must discuss what 
we mean by continuity and how it applies to the Rover cu^ve, For curves using a 
param etric  representation, continuity is usually expressed in terms of parametric 
derivatives. Barsky [6] has shown that first and second param etric derivatives may 
not be appropriate  measures of continuity in the context of geometric design. More 
appropria te  measures are the unit tangent vector and the curvature vector. It is 
these geometric measures tha t we will utilize.
From Barsky [6], the parametric expressions for the unit tangent vector and 
curvature for the curve (?(f) at the value t = u may be written as:
/ v Q \ u )  , , Q'{u) x Q"(u) x Q'(u)
t ( u  =  ----------------- M u )  = -----------------------------------------------------------
Let's assume that we have two Rover curves C(t)  and Q(t). Curve C(t)  is defined 
by points P i,  P3, P 3, and P4 and curve Q{t) defined by pointB P3, P3, P4, and P% as 
shown in Figure 11. Solving for the first parametric derivatives of the curves where 
they connect:




F igure  11: T w o Rover C urves
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then
r ( l ) c  =  r (0 )Q
P4 - P 2
\ P * - P * \
Thus the unit tangent vector is in the same direction for both curves, although the 
param etric derivatives may differ in magnitude. Now if we spline together a series of 
Rover curves where every four consecutive points form a curve segment, we will be 
implicitly guaranteed first order geometric continuity between the spline segments.
Curvature continuity is sometimes required in a spline. Before solving for the 
curvature equation for the Rover curve, we need the parametric second derivative 
equations. The second parametric derivatives of the Rover curve B (t)  at t = 0 and
t =  1 are:
B"(0) =
v  ft — 1
2a 7ft7(ft — 1)(^ — 1) a/ i2
1 u(2(3 -  1)
P\
ft7 fi(fi -  1
+
1 2/31/
2 a 7f i 7(fi  — \ ) ( v  1) a f t  a  ft (f t  — 1)
v
Pz +
B"(  1) =
afi(ft  -  1)
ft -  1
Pa
j3v{v ~  1}
f t -  1
Pi +
1 , 2 a <^ ~
2 0 7fiv{ts — l )2 ' /J(i> — 1 0 v ( v  — 1) Pa +
1
I / ^ - l ) 2
ft -  1
+
(ft -  1)(1 - 2 a)  
0 v ( v -  1)
-f
2 0 7f t v ( v  -  l ) 3 0 ( u  -  1 )2 Pa
30
One can see that the curvature expression will become quite large when the 
above equations are used. From experimentation it appears that fi and v  change the 
second order parametric derivatives similarly to a  and 0.  Therefore for analyzing 
curvature vector continuity the values of the parametric shape factors have been 
set to 1/2. Upon doing so, the first and second parametric derivatives become:
* ' ( 0 )  -  ^  B'( 1 )  =  ^ - ^
Q 0
JT(0) = - { { P !  -  P2 + P 3 -  P < )-2B '(O )  + 20(P3 - P 2)} 
a
B"{ 1) =  ^ [ ( - P l + P3 ~ P 3 + P4) + 2 B ,{ l ) - 2 a { P 3 - P 3)}
Assuming we have C{t)  and Q(f) as described previously, we can set the curvature
vector equations for the two curves equal to each other at the common point:
* ( l ) c  =■ * (0 )q
C'(l) x 0 "(1) x C"(l) Q'(0) x Q"(0) x Q'(0 )
| C ' ( 1 ) | «  “  \ Q ' ( 0 ) \ *
(P4 -  Pi)  X C H( 1 )  X (P< -  P2) =  {P< -  Pi) X  Q " ( 0 )  X  (P4 -  P7)
\P4 ~ P i W P v 2 \P4 - P 2\</a3*
From the above equation, a sufficient solution is then:
0 2C " { \ )  = a,V '(0 )
Expanding this equation we get:
M - P i  + Pi -  Ps + Pa) + 2{P4 -  Pt ) + 2 a l0 i {Pi -  Pa) =
a 2(P2 -  P3 + P4 -  Ps ) -  2(P4 -  P3) + 2a 2(32(P4 -  P3)
31
We now have a vector equation in 4 unknowns( a i ,  j3\, a j ,  0 7 ).
In 2D  we will get two new equations every time we add a new curve segment to 
a spline curve. We are therefore able to add new segments and m ain ta in  curvature 
vector continuity through out the spin.**. This capability does not exist in 3D. 
As three equations are generated for every new segment, we quickly gain more 
equations than  unknowns.
7 .5  T w o  D im e n s io n a l C h a r a c te r is t ic s
The 2D  Rover can be classified into two types. This type classification is based 
on the curvature of the rational quadratics blended to form the  cubic. A T ype 1 
curve occurs when the quadratics have opposite sign curvature from  P2 to P3. For 
this case the cubic will be bounded in the region formed by the quadratics between 
P7 and P3. Also this type curve will have an inflection point an d  will intersect the 
chord between P7 and P$ as shown in Figure 12.
The param eter value at which the chord-curve intersection takes place may 
be found by substitu ting the parametric equations for the curve into the explicit 
equation of the chord. When u — 1 — ft or p and v are both fixed there is single 
param eter value of the curve where the chord-curve intersection occurs, irrespective 
of q and (3. This means tha t rather than selecting a  and 0  for a  Type 1 curve, we 
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F ig u re  12: T y p e  1 Rover
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W hen the quadratics have the Bame sign curvature from P a to P3, a  Type 2 
curve is formed as shown in Figure 13. A Type 2 curve is not generally bounded 
by the blended quadratics. However, there is a region when /r =  v  =  1/2, where 
a point may be selected (instead of a  and 0)  through which the cubic curve must 
pass. This region is bounded by the chord from Pj to P3, the tangent to the first 
quadratic at P2 and the tangent to the second quadratic at P 3. This region is shown 
in Figure 14.
7.6  T h r e e  D im e n s io n a l C h a r a c te r is t ic s
The rational Overhauser in 3D cannot be characterized as it was in 2D. However, the 
curve is somewhat bounded in 3-space. The curve will always lie between the two 
planes each of which contains one of the rational quadratic curves being blended. 
Also, the curve will no longer necessarily intersect the chord between P2 and P3.
34
F ig u re  13: T y p e  2 Rover
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F ig u re  14: T y p e  2 R over B ounds
8 C on ic  S e c t io n  D ef in it io n
The rational Overhauser provides for two methods of defining conic sections. 
These two methods will be called the four-point and three-point. The four-point 
m ethod uses the rational Overhauser curve with u — \ — /r and a = 0.  T he three 
point m ethod uses the rational Overhauser curve with either u — 0 or p  =  1. 
A m ethod for defining conic sections using the rational quadratic curve is also 
presented. For simplicity, the conics defined using these methods will be in the 
plane Z  — 0 with their principal axes being parallel to the X and Y axes.
8.1 C irc le
8 .1 .1  F our-Point M eth o d
Given R, 8 , and as shown in Figure 15a, points P2 and P3 are known.
Pi = R  cos 8 R  sin 8 1
R  cos <f> /? s in 0  1
P i, P* , a, 0 ,  fi and n are calculated as:
Pi = R cos(28 — <f>) Rsin(28 — 4>) 1
P< = R  cos(2</> — 8) J?sin(2<£ — 0) 1
a — 1 cos(2(<ft -  $)) 





F igure  15: C ircle D efinition
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f l  =  a .
yj2 -f cos(2(0 — ^))
^  4a  sin
u — 1 — /J
Circular arcs with {<j> — 8) < 120 degrees may be represented with this m ethod. 
T hus it will take at least four curve segments to draw a full circle.
8 .1 .2  T h ree -P o in t  M e th o d
W ith v  =  0 use the a  as calculated above and points Pi, P2, and P3 will define the 
curve. W ith n = 1 use the beta as calculated above and points Pa, P3, and P* define 
the curve. For (4> — 8) < 120 degrees use the fj. value from the four point form. For 
( 4 > - 8 )  > 120 degrees let p  = 1/2. Circular arcs of (<f> — 8) <  180 degrees may 
be represented with the three point form. It therefore takes at least three curve 
segments to draw a full circle.
8 . 1 . 3  Q uad ratic  M e th o d
Given R y 8, and <f> as Bhown in Figure 15b, points Pi and P3 are known. P3, a  and 
fi are calculated as:
P,
Q =
R  cos ^  R  sin ^  1 ]
1 -  cos(<£ -  8)
2(1 -  cos
39
fi =
The a  and \i circle equations were derived using two formulas from Forrest [13]. 
They are the explicit circle equation in homogeneous form and a tangent m agnitude 
equation.
(tua:)* +  (wy ) 2  — w ‘
1 6 - 9
P3 - P t  | -  2 f? sin —
2afi
8 .2  E llip se
8 .2 .1  F our-P oint M e th o d
Given a ,  (3, 6, and <f> as shown in Figure 16a, points P3 and P3 are known.
Pi = a cos 9 6 sin 9 1
P 3 ~ a cos 4> b si11 4> 1
Pi , P* , q  ,/?, fj, and v  are calculated as:
Pi = acox{^ 6) bs'm(29 — 4>) 1
Pa = acos(2</> — 9) f»sin(2 <£ — 9) 1
q =
1 -  cos(2 ( 0  0 ))
2(1 — cos(4> — 0 ))




F igure  16: E llipse D efin ition
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A  =  a J(cosJ <f> — 2 cos(20 — <f>) cos <f> +  cosJ ( 2 0  — >̂))
B  =  /?*(sina <f> — 2  sin(2 # — <f>) sin <f> +  sin a ( 2 0  — <£))
C
v/ A  + B
C
1 -  pi
Elliptical arcs with ((f) — B) < 120 degrees may be represented with this m ethod.Thus
it will take at least four curve segments to draw a full circle.
8 .2 .2  T h ree-P o in t  M eth o d
W ith x> =  0 use the alpha as calculated above and points Pi, Pa, and P 3  will define 
the curve. W ith pi =  1 use the f3 as calculated above and points P 2 , P 3 , and P* 
define the curve. For (<f>—B) < 120 degrees use the pi value from the four point form. 
For (<f> — B) > 120 degrees let pi = 1/2. Elliptical arcs of (<f> — B) < 180 degrees may 
be represented with the three point form. It therefore takes at least three curve 
segments to draw a full ellipse.
8 .2 .3  Q uad ratic  M e th o d
Given a ,  0, B, and <f> as shown in Figure 1 Gb, points Pi and P3  are known.
Pi a cos 6 b sin B 1
42
P* = a cos 6sin<£ 1
P3 and a  are calculated as:
P, =
a —
1 — cos(<f> — 9) 
2(1 — cos ^ p )
0  = Q
Elliptical arcs with {<f> ~ 9) < 360 degrees may be represented with this m ethod. 
Two curve segments of this form are required for a full ellipse.
The q and fi ellipse equations were derived using two formulas from Forrest 
(13]. They are the explicit ellipse equation in homogeneous form and a tangent 
m agnitude equation.





H y p e r b o la
1P3 Pi I -
(h — 0 j n
2 s i n  v a* 8*n 9 + b7 cosJ 9
2 v
8 .3 .1  F our-P oint M e th o d
Given points Pi and P3 as shown in Figure 17a and knowing a and 6 gives:
Pi = aco sh #  6sinh0 1
a cosh <j> Asinh^ 1
43
F ig u re  17: H y p erb o la  D efinition
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$ =  tanh  l(a j / j /6 z j)  <p =  tanh  l (a y 3/6x3)
P i, P*( a ,  /?, /x and v  are calculated as:
Pi = acosh(20 — tp) 6sinh(20 — <p) 1
Pa = acosh(2<^ — 0) bsinh(2^ — 9) 1
a  =
1 — cosh(2(<£ — 0)) 
2(1 — cosh(<£ — #))
=
A  =  a 2(cosh2 <p — 2 cosh(20 — <p) cosh <p + coshJ(20 — <p))
B  = /32(sinh2 ip ~  2 sinh(20 — <p) sinh <p +  sinh2(20 — <f>))
C  =  4a  sinh( ~r~~  )\A*J sinh2 0 +  0 2 cosh2 9
£t
ft - y / A ~ + B
v  =  1 — fl
If <p < 0, ft has the right magnitude but wrong sign. This is why the absolute value
is used.
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8 .3 .2  T h re e -P o in t  M e th o d
W ith u = 0 use the a  as calculated above and points Pi, P 2 , and P 3  will define the 
curve. W ith fi =  1  use the (3 as calculated above and points Pj, P3, and P* define 
the curve.
8 .3 .3  Q u ad ratic  M e th o d
Given points P t and P3 on the hyperbola as shown in Figure 17b and knowing a 
and (3 then :
a cosh 9 b sinh 9 1
acosh</> b sinh 0  1
9 = tanh l(ayi/fex!) <f> — tanh  l(ay 3 /&;r3 )
P 2  and q are calculated as:
P 3 =  a cosh b sinh 1
a
1 — cosh(<£ — 9) 
2(1 - c o s h ^ )
The a and /i hyperbola equations were derived using two formulas from Forrest
[13]. They are the explicit hyperbolic equation 111 homogeneous form and a tangent
m agnitude equation.
{ w x ) 7 2w
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——  |P3 — Pjj =  2 sinh a7 sinh1 & +  6* coBh18
2 a y  2
8 .4  P a ra b o la
8 .4 ,1  F our-P oint M e th o d
Given P 2 and P3 as shown in Figure 18a and a, then:
P r = ar2 2 a r  1
as2 2a.s 1
wh ere
r = 2  (* 2 / 1/2 ) a =  2 (* 3 /y 3)
To find Pi and P 4  requires solving the quadratic equations
yi 2  ~ yi(2y2) +  (2y2 y3  -  4aa-3) -  0
y4 2 -  y4 (2 y3) + (2y2 y3  -  4ax2) =  0
and selecting the roots consistent with the parabola being defined. Then
' “ 4a 4  “  4a
For all parabolas o = 0  — 2  and y  can be calculated as
=  lP3 ~ P l |
^  8 a(s — r ) \ / l  +  r 2
47
Figure 18: Parabo la  Definition
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8 .4 .2  T h ree -P o in t  M e th o d
W ith v = 0 use the a  as calculated above and points P | , P3, and P3 will define the 
curve. With /i — 1 use the beta as calculated above and points P2, P3 and P4 define 
the curve.
8 .4 .3  Q uad ratic  M e th o d
Given Pi and P3 as shown in Figure 18b and a, then
Pi -
P* =
a r 3 2ar 1
n.i3 2 as 1
where
r =  2 ( r 1/y 1) $ =  2(x3/y 3)
P2 is then :
«((*3 -  * i ) / (y s  -  y i ))2 2a (*s -  *i)/ ( i / s  -  y») i
and a  =  2 for all parabolas.
The p ellipse equation is derived using a tangent magnitude equation from For­
rest [13].
2 ap
|P3  -  P I  | =  2 a ( j  -  r ) \ / l - f r 2
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8 .5  C o n ic  P a r a m e te r iz a t io n
T he four-point m ethod always yields a very good curve parameterization for all of 
the conic sections. However this is not the case for the three-point form. Since 
for this form, fx does not affect the curve shape, /i can have any value between 
0 and 1. However, the value which usually gives a good parameterization for a 
conic section is th a t  which is calculated using the equation for u given in the four- 
point method. Although this is always the case for hyperbolas and parabolas, ft 
values calculated for circles and ellipses by the four-point method are only valid 
when — B) < 120 degrees. For angles larger than  120 degrees a  reasonable 
parameterization is achieved when fi =  1/2. This value of // also usually results in 
the best parameterization for the quadratic method.
9 C u rve  M a p p in g s
In a design system utilizing multiple curve algorithms, it is most efficient to 
m aintain a single curve representation and map to other curves as necessary. Of 
the rational cubic curve algorithms currently in use, it is felt tha t the Hermite 
formulation is the most suited curve form for this use. As such, the mappings 
developed in this chapter all utilize the Hermite formulation. The major intent of 
this chapter is to show how the rational Overhauser (Rover) relates to the rational 
Hermite, Bezier, and B-spline cubic curves.
9.1  R a t io n a l  C u rv e  T y p e s
The m atrix  equations for each of the four curves and a brief explanation of the 
terminology for each are as follows.
9.1 .1  H er m ite
wC{t)  -
2 - 2 1 1
- 3 3 - 2 -1
0 0 1 0
1 0 0 0
u)0 0 0 0
0 uq 0 0
wq 0 u>0 0





P0 and Pi are the endpoints of the Hermite curve, while P0' and P /  are the tangents 
a t each respective endpoint. The four scalars, u>o , tuj, wq and uq', are essentially 
weighting factors applied to the endpoints and tangents. These scalar weights may
50
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have any value, but certain combinations of these weights will cause asym ptotes in 
the curve.
6 .1 .2  B ezier
u>C(f) = t 3 i 2 t 1
/io 0 0 0
0 ht0 0 0
0 0 ht i 0
0 0 0 h i
Vo, Vt0, Vti and are all control points. The curve's endpoints are V0 and V1. The
- 1 3 - 3 1
3 ~ 6 3 0
— 3 3 0 0





curve is tangent to the lines VoVjo and VtiVj at each respective endpoint, ho, h to, 
h t\ and hi are scalar weights applied to each of the control points. These scalar 
weights may have any value, but the use of negative weights may cause asymptotes 
in the curve
6 .1 .3  B -sp l ine
I V C(t) e  t2 i i
- ] 3 - 3 1 h i 0 0 0 B i
3 - 6 3 0 0 hj 0 0 b 2
— 3 0 3 0 0 0 h 3 0 b 3
1 4 1 0 0 0 0 ^4 ° 4
B i, B 2, B 3 and B A are all control points. /ilt h 2, h 3 and h A are scalar weights applied 
to each of the control pointB. These scalar weights m ay have any value, but the use 




- 1  - 2 a ( , . - l )  + . - ^





  H-l , 20v7  v_
(t- 1 ){M 1) e M-l e-1
2 2 a ( 3 „ - 2 ) - ; - ^ - ^ T  + *
-1  -2 a (3 /x - l ) + f-rT̂ rr| 1 0
0 2a.fi 0 0
R \ ,  R i} R 3} and R+ are the control points, a ,  /?, /x, and v  are the shape factors, a ,  
/?, /x, and v  are always positive and ft and u range between 0 and 1. No asym ptotes 
ever occur in the curve.
9 .2  C u rv e  M a p p in g s
The Bezier, B-spline, and Rover mappings to and from the Hermite form are 
0.2 .1  B ez ier  to  H e r m ite
u>o — ho ti'o — 3(/i(o — 50)
Wi  =  h i  u ’/  — 3 (5 j — h t i )
n , 3 5 t o ( V t o  — V o )
Po = V„ o —
/>, = V, a -  =
h\
53
9 .2 .2  H e r m ite  to  Bezier
Wq
h0 = w0 ht0 =  w 0 H— —
J
hi = u>i hn =  w ! ---- —
Vo = Po Vt0 = V0 + koPo'




9 .2 .3  B -sp l in e  to H er m ite
u’o — 5] -f 4h2 -f 53 w0 — 3(53 — 5i)
w j — ^ 2  + 45 3  + 5^ wi — 3{5< — h 2)
hi Pi  4 5 ,0 ,  + 5 3  
5] -f- 4 5 2 + 5 3  
h 2 B 2 4530 3 -f 5 4  04 
h 2 +  45 3  -f / 1 4
, 6 ( 0 i (  —2 5 l 5 1 — 5 j5 3) +  0 3 ( 2 5 ^ 2  ~  2h2h^) + 0 3 ( ^ i ^ 3  +  ^ h 2h 2))
0 =  ( h i + 4 h 2 + h3)*
, 6 {B 2( —2h2h$ — ^ 2 ^ 4 ) +  0 3 ( 2 /l 2 ^ 3  — Ih^h^)  +  0 4  ( 5  2 5  4 -+- 2 5 3 ^ 4 ) )
1 =  (5j + 45 3  + 5 4 ) 3
9 .2 .4  H e r m ite  to B -sp l in e
hi = 3«*o -f 7wq — Gw1 + 2wi' 
18
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6u'0 + 2ttV — 3u>i +  w i' 
h i  =  ------------
/ l a  — —
18







6u>o + 2wq — 3u>i + 7u>i'
18
(3u’0 + 7wq')P q + 7wDPoy - 2(3ti>1 — u>/)Pi -f 2 w iP i' 
3u»0 + 7t«o' — 6ui] + 2tfi'
2(3u>0 +  n’t/JPo + 2w (}Pq -- (3u'i — tTi )Pi + wiP\  
6u>0 + 2 wq' — 3ut] + W\
(3ti>0 +  w 0')P0 +  w0PQ> -  2(3n*i -  w l,)P1 +  2u»iPi' 
3tii0 + -  Cu>) -+ 2ivi'
2(3«’o ■+■ u>oy)Po +  2«'oPo — (3n* 1 -  7 t i '/ )P i  +  7u)|P i
6u>o + 2wq — 3u»i +  7w\ 
0.2 .5  R over  to  H erm ite
u>0 — 2a\i wq — - 2q(3/i — 1) +
( ^ - 1 ) ^ - 1 )  
2j3v(v — 1) , 2/^(3iv -  2) 1
U>! =         U?! =     . ’ -------fj. — 1 /I — 1 /I
Po = R i Po = R l
Pi = R 3 Pi =
2 a /i 
R< — R j 
2 0 ( 1 - u )
0 .2 .6  H e r m ite  to Rover
Must solve a quadratic equation for v
0 =  u7[ 3u>o(3u)i + 1 ) ( )  + 3u>i -f uV (l + 3u'i -  tr /)  -  ur0u>i(4 + 6ui] — uV) — u>/ ]
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+  v[ —2u»o(3u>i + l)(2u>! 4- 3) +  ivo(2wi' — 5tui — 2) +  tui'(l +  8u»0 + 10u>ou>i) + 
2uq(u;o -  1) -  2u>0(ui1')1 ]
-)- u*o(4u*i +  3)(t^i +  1) +  W (1  +  2u>i -  w / )  -  4 w t'w0( l  -  u>i) +  u>0(u>i 4- (uV )2
1 — u
^  2u'i — Zvw\  — Wi'(l — v)
u>0
°  ”  %L
_  U’i(p -  1)
2v(i ' — 1)
J?2 = P0 P I  =  Px -  2 q ^ P 0'
R s = P, R4  — P0 + 2/5(1 — v)P\
Some comparisons of the different curve forms can be made from the preceding 
equations. There are no restrictions placed by the Bezier or B-spline mappings on 
the values which the Hermite weights may have. The Rover m apping restricts uio 
and uq to have only positive values because of the limits on a ,  (3, fi and u.
Using the above mappings, one can develop further mappings directly between 
the Bezier, B-spline and Rover curves. For illustrative purposes, two such mappings 
will be developed. It is quite easy to develop direct mappings from the Rover curve 
to the Bezier and B-spline curves, however the opposite is not straight forward 
because of the nonlinear nature of the Hermite - Rover mapping. Therfore the two 
mappings to be developed will utilize special cases of the Rover curve. The two cases 
will be when v — 1 — /i and when — u — 1/2. Using these special cases allows one
56
to bypass the nonlinear mapping problems. Also, as was previously stated, these 
two sets of conditions are quite frequently used when actually manipulating a Rover 
curve.The first case will be used in a Rover to Bezier m apping and the second case 
used in a Rover to B-spline mapping.
0 .3  E x a m p le  M a p p in g s
9 .3 .1  R over  to  Bezier
v — I — (1
1 + 2ctfi
ho — 2 cxfi ht o —
hi =  20(i h t i =
3(i
1 +  2(3 n  
3(i
Vo -  R* V(0 = R 2 + ( R 3 -  R x)
1 -f
v, = R 3 Vn = R 3 -  /  (R< -  R 2)
1 + 2 0(i
9 .3 .2  B ez ier  to  Rover
(i =
v — 1 — (1
1 + ho 1 + h ] 
3/ifo 3hn
h0 , h i
o — — 0  = -—
2 (i  2 (i
R 2 = V0 Ri — V, -  3ht0(Vto -  Vo)
R 3 — V] — Vo + 3h(1(Vi — Vti)
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It is clearly seen th a t  in going from Rover to Bezier the weights in the Bezier form 
are no longer independent of each other. Also when moving from Bezier to Rover 
restrictions have been imposed on the the Bezier weight values. These restrictions 
are described below:
ha > 0  hi > 1 3ht0 > 1 + ho 3hu > 1 -I- hi
1 + ho 1 +  hj
3h(0 3htl
T he last restriction means that only three of the weights may be independent. 
0 .3 .3  R o v e r  to  B -sp l in e
1 
*  = u = 2
2a + 2j3 — 5 _
2a — /? + 1
9
-Q  + 20 i  1 
9
2a +  2/3 — 5
hi —
h 2 =
h 3 = 
h 4 —
B  i
B  s —
hi — hi — 2 hj + 2h3 — 1
7^! + (4a -  12)R2 + (4/3 -  3 )/?3 -  
2(2a + 2 / 3 - 5 )
27?! + (4a + 3)/?2 2 0 R 3 + R A
2(2a -  0  + l j“
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Ri  — 2 q R 2 -f (4/3 +  Z)R3 — 2 R 4
3 =  2( —a  + 20  +  1)
-2J?! +  (4a  -  3)i?; +  (40  -  12) R 3 +
4 ~~ 2{2a + 2 ( 3 - 5 )
0 .3 .4  B - s p l in e  to  R o v e r
M = « ^ = 2
a — 6h2 + 3h3 — 1 (3 = 3h2 +  6 / 1 3  — 1
r  11 = 2(3(1 + a){2a + 20 -  5)
r l 2  - —(1 -f 2a — (3)(— a  + 80 — 4a0)
rl3 = 2 (a  — 1 — 20)(—2a — 0  + 2a0)
r l 4  =  a (2 a  + 20 — 5)
D r l l R ]  + r \ 2 B 2 + rl3f?3 + rl4f?4
1 = 9a0
r21 = 2a 4 20 -  5
r22 =  \ + 2 a -  0
r23 = 1 -  a  + 20
r2 1 f? i + t 2 2 B 2 + r23i?3
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r32 =  1 4  2a -  0  
r33 =  1 -  a  4  20
r34 =  2a  4  20 -  5
r32i?2 4 r3 3 5 3 4- r34i?4 
* 3 = 90  “
r41 = 0 ( 2 * +  2(3 5)
r42 = 2(1 + 2a -  0){a  + 20 -  2a0)
t-43 — (1 — a  4  20)(Sa  +  0  — 4a/?)
r44 =  2 a ( l  4  0){2a  -  20 4  5)
n  r41Bi 4  r42Bj 4  r43Z?s 4  r44i?*
4 = 9 ^ 0
From the mappings we now see that only two of the B-spline weights are indepen­
dent.
It is obvious from the preceeding examples that the Hermite, Bezier, and B-
spline curves are more general than the rational Overhauser. While it is quite easy
to map from the Rover to the other curve forms, restrictions are imposed when 
trying to map the other direction.
10 L in e M o n o to n ic ity
Any design system would naturally need to handle straight lines. The rational 
Overhauser will reduce to a straight line between points P 3 and Pa when all four 
control points lie consecutively on the line, irrespective of the values of the shape 
factors. Not all possible lines defined in this manner are acceptable. Although they 
may meet the end conditions, a line may have an inflection point in the param etric 
range. Simply this means that there may be a point on the line with more than  one 
param etric value. If every point on the line has a single parametric value the curve 
is called montonic.
One m ethod to analyze this condition is to use a technique shown by Forrest
[13]. Letting K  be the ratio |P3 — Px | / |P 3 — P3| and L be the ratio |P4 — P i | / |P 3 — P\ I 
we can substitute  Pi = P$ — K {P 3 — Pt ) and P4 =  P a + L(P3 — Pj) into the Rover 
form which reduces to:
e (<) = -p . + -  p ,) (15)
If F{ t ) / G( t )  has a point of inflection with a  negative slope in the range 0 < t <  1 




10.1  N o n -R a t io n a l  O v erh a u ser  M e th o d
Because the rational Overhauser reduces to a straight line independently of the the 
shape factors, one may use the non-rational Overhauser curve to deal with straight 
lines. Following Forrest’s [13]work we can solve for F ( t )  and G'(t) in Equation 15 .
F( t )  -  ts{K + L  -  4) -  t*(2K  + L -  6) +  t K
G{t)  =  2
As G(/) iB a scalar, we need only concern ourselves with F(t).
F \ t )  = 3fa(A' + L ~ A ) ~  2t{2K  + 1 -  6)
F"(t )  -  6 t {K  + L -  4) -  2(2A' + L -  6)
Then for an inflection point, F"{t) — 0 and solving for the param etric  value where 
this takes place:
2 K  + L -  6 
“  3(A' + 1 - 4 )
The slope at this point is:
' ' 3(A' + L -  4) ' '
The limiting condition is when .F"(0 -  0 and F'(t )  — 0. This occurs when
(A  -  6)! + (L -  6)J + K L  ~ 36 =  0
This function is the equation of an ellipse in K  and L as shown in Figure 19. 




(A' -  L f  + ( I  -  6)2 + K L  -  36
2
A' + 21 -  6
A + L -  4
62 40
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by Equation 16 for any inflection point within the ellipse, F'(t)  > 0 and for all 
values of K  and L that lie within or on the ellipse monotonicity will be preserved.
Points of inflection with negative slopes are acceptable if they fall outside the 
param etric  range 0 < t < 1. The lines 2 K  + L — 6 =  0 and K  + 2L — 6 =  0 
represent the coses for i —■ 0 and t = 1. The line K  +  L — 4 = 0 represents the 
cases for t =  ±oo as seen from Equation 16. Thus all points lying between the lines 
2 K  + L — 6 =  0 and K  +  2L — 6 =  0 are safe as their param etric values are either 
greater than  one or less than  zero. Therfore any points not in the region bounded 
by the K  and L axes and the arc of the ellipse farthest from the origin should not 
be used. A simple restriction on the values is tha t K  < 6 and L < 6. This implies 
tha t P2 ~ P\ < 5(P3 -  P2) and P4 -  P3 < 5(P3 -  P2).
10 .2  R a t io n a l  O v erh a u ser  M e th o d
Although the solution just derived will suffice for most design cases, it may some* 
times be desirable to modify the geometric shape factors for a line. This might be 
needed when trying to m aintain param etric first derivative continuity between curve 
segments. There is a problem in trying to use the previous technique with the ra tio ­
nal Overhauser form. T he G'(t) function is no longer a scalar. This greatly increases 
the complexity and order of the resulting equations. Rather than solve these higher 
order equations, a geometric technique can be used to guarantee monotonicity. 
This geometric technique will use the Bezier form of the rational Overhauser.
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W ith the rational Bezier curve we are guaranteed montonicity in a straight line from 
Vo to V, if VJo and Vtl lie on the line and if the four points are sequentially ordered 
from Vo to V̂ o to Vt\ to IV For this m ethod we will assume a left to right order 
of the points. The required condition for monotonicity is then Vt0 < Vt l . Using a 
Rover to Bezier mapping, the Bezier points are:
V10 =  H , +
2a +
Vn = R 3 -
( M - J  
(XvL{R3  -  /?l)
1 -  M + 2/?/*^
where A' and L  are ratios as defined previously. Substituting the above equations 
into the monotonic condition gives:
K (xv L
+     —  <  1
2q + t#—ife-i) 1 ~  ̂+ 2^"
We can see that this result is more restrictive than condition developed for the 
nonrational Overhauser as when a  =  (3 — 2 and (x = v — 1/2 it reduces to:
K  + L < 6
Although very conservative, this monotonic condition should be sufficient for most 
applications.
11 C o n c lu sio n
11.1  C o n tro l
A new interpolating rational parametric cubic curve defintion has been devel­
oped in a m anner an algo us to the  Overhauser cubic curve. The rational Overhauser 
(Rover) provides an uncomplicated user-interface. A user controls the curve by di­
rectly manipulating points on the  curve and shape factors. The two geometric shape 
factors and two parametric shape factors provide control of the curve in a na tura l 
fashion. Simple restrictions on these shape factors totally prohibit the occurrence 
of asym ptotes in the curve. Also the rational cubic curve may be transformed into 
a quadratic curve by m anipulation  of the param etric Bhape factors in a straightfor­
ward way.
11.2  G e o m e tr ic  C o n s tr u c t s
M ethods for exact representation of conic sections have been presented. Each of the 
conic sections may be represented using either three or four points. The three point 
formulations allow arb itrary  placement of the  fourth point. W ith the four-point 
formulation, a  minimum of 4 curve segments are necessary to draw a full circle or 
ellipse. Only 3 curve segments a re  required for a full circle or ellipse when using the 
three-point form. Also, two techniques for assuring monotonic behavior in lines are 
discussed. One method is only valid for the non-rational Overhauser and the other
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m ethod using the Bezier points is always valid for the Rover curve. However, this 
second m ethod is shown to be more restrictive than  the first.
11.3  M a p p in g s
Mappings were developed between the rational Overhauser and the rational forms 
of the Hermite, Bezier, and B-spline curves. From this work it is apparent th a t  the 
Rover curve is not as general as the other curveB due to the restrictions on the shape 
factors. As a result, the Rover curve may be easily m apped to other curve forms 
bu t the reverse may not be true. However the ease of control and non-asmptotic 
behavior are advantages over the other rational curves.
11 .4  G ra p h ica l  and  M a th e m a t ic a l  A n a ly s is
As mentioned earlier, an interactive graphics program was created to investigate 
the Rover curve. This program was used to generate the majority of figures for this 
work. The importance of the program was demonstrated many times as the graphics 
showed information not readily grasped from the equations. The information about 
chord-curve intersections for the Type 1 2D Rover curve was just one such case. A 
side benefit of the program was its generality. The basic structure developed can 
utilized for any curve, thus allowing the program to be used as a teaching tool.
A subject which has not been previously mentioned was the method used for 
handling the complex equations involved with the Rover curve. A symbolic m ath 
program called SMP [1] has been used for this task. One particular task tha t
67
illustrated its usefullnes was implicit!nation of the Rover curve. While working on 
developing the conic section representations it was necessary to convert equations 
from param etric form to implicit form to check for exactness. SMP made this a 
very simple operation. It is apparent that symbolic m ath  programs shall play an 
increasing part in future curve and surface investigations.
11 .5  A p p lic a t io n s
11.5 .1  B o u n d a r y  E lem en t  A nalys is
The Boundary element method (BEM) is a domain discretization technique tha t  
can be used in solving boundary value problems in engineering. The advantage of 
this technique over finite elements is that only the boundaries of a region m ust be 
modeled as opposed to the entire domain. Results from this method are improved 
by better geometric representations of the boundaries. Ortiz [19] and Walters [26] 
have already utilized the non-ration&l Overhauser curve for boundary models with 
success. It is likely th a t  the Rover curve could be also utilized, particular}' for its 
conic section and local control capabilities.
11.5 .2  Scu lp t in g
Research on interactive sculpting techniques is currently being conducted at the 
Louisiana State University Research and Applications Laboratory. One m ethod 
being investigated involves the real-time intersection of polyhedra and polyhedral
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solids. In the future it is intended to use the points of the polyhedra and polyhedral 
solids as boundary points for interpolating curveB and surfaces. As an interpolating 
curve, the Rover curve may used for this purpose. Also, the Rover shape factors 
might be useful in simulating physical properties of objects being intersected.
11 .6  F u tu re  W ork
T he influence of the parametric shape factors on curvature should be studied fur­
ther. This is needed to see if the conclusions reached experimentally about joining 
together two Rover curves with second order geometric continuity are correct. Also 
a surface formulation for the Rover curve is a logical next step in investigating the 
uses of the curve.
The method of blending used in forming the Rover curve provides a technique 
for creating a higher order curve from lower order curves in a controlled fashion. 
For the Rover curve, a linear function was used to blend together rational quadratic 
curves to form a cubic curve. The control of the cubic curve is directly related to 
the manner in which the quadratic curves are controlled. It seems likely th a t  this 
same blending technique could be used not only with other curves, but also with 
other blending functions.
The best utilization of the Rover curve may be in combination with the other 
rational curves. No one curve form can really meet all the needs of a designer. A 
multi-curve design system could be developed which would use whatever curve is
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appropriate  for a designer’s task. For efficiency a single curve representation should 
be perm anently maintained for the system. Mappings to other curve forms would be 
performed as necessary. The Rover curve represents the only interpolating rational 
cubic curve available for such a system.
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A  R O V E R
ROVER is an interactive graphics display program for the rational Overhauser 
curve. The interactive graphics device used ib an Evans and Sutherland PS300 
connected through a parallel interface to a VAX 11/750 computer. ThiB program is 
actually composed of two parts, one running on the VAX and the other running on 
the PS300. The VAX portion of the program is constantly obtaining information 
from the PS300 and sending new vector lists and commands back to the PS300. 
The PS300 is responsible for updating the display. The user interfaces with the 
program through a number of input devices. These devices consist of a  da ta  tablet, 
function keys, a dial box with eight dials and a keyset. All of the input devices are 
connected to the PS300 except the keyset which is directly connected to the VAX.
The basic display of the program contains a Rover curve and the points used to 
define it. This display may be rotated about the X and Y axes for better viewing 
in 3D. The display may also be split into four viewports. One viewport contains 
the basic display with the other viewports containing the projections of the Rover 
curve onto the XY, YZ and XZ planes. These projections may also be shown in the 
basic display.
There are a number of additional components that may be added to the display 
at any time. First is the display of the two rational quadratics th a t  are blended 
together to form the Rover curve. To show how the quadratics are blended together,
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lines connecting them can be added. The geometric definition of each quadratic may 
also be shown as in Figure 1. Lastly, the convex hull of curve is available for display.
Point and shape control of the curve is effected using the dials and tablet. After 
being selected with the da ta  tablet, each of the four points defining the curve may 
be repositioned in 3D. When selected, the X, Y, and Z coordinates of a point are 
each controlled by a separate dial. As any point is being moved, its current location 
is always shown on the display screen. The four shape factors for the curve are also 
changed using the dials and have their values shown on the display screen. One 
other dial is used for a global scale of the entire display.
The function keys are used to locally control the display of vector lists on the 
PS300 while the keyset is used to give commands to the VAX program. The keyset 
consists of five keys which may be pressed independently or in combination with 
each other. The keys are assigned the values 1, 2, 4, 8 and 16. Combinations of 
these keys generate the sum of their values. When no key is pressed, a value of 0 is 
returned. Thus values from 0 to 31 can be generated.
The VAX program is constantly collecting the location of the control points and 
the values of the shape factors from the PS300. It reads the keyset values directly 
and using those values and the information from the PS300 the rational quadratics 
and the Rover curve are recalculated. From these new calcuations, vector lists are 
formed and then sent to the PS300 for display.






4 overall scaling of the display
5 alpha control
6 beta  control
7 u control
8 v control
F u n c t io n  K eys
1 Toggle for point and translation modes of dials 1, 2 and 3.
W hen in point mode, the dials are used to change the position of the 
currently selected point. In the other mode, the dials are used to 
transla te  the entire display.
2 Toggle between the one viewport and four viewport displays.
3 Toggle the display of the X, Y and Z planar projections in the 
one viewport display.
4 Toggle the display of the convex hull.
5 Toggle the display of the quadratic connecting lines.
6 Toggle the display of the first rational quadratic.
7 Toggle the display of the second rational quadratic.
8 Toggle the display of the first rational quadra tic’s geometry.
9 Toggle the display of the second rational quadra tic’s geometry.
10 Toggle the display of a grid.
11 Rotate the basic display -15 degrees about the X-axis.
12 Rotate the basic display -15 degrees about the Y-axis.
13 Toggle display of the Rover curve.
14 Toggle display of the help menu for the keyset.
15 Toggle for point name translation mode. This mode is used to move 
the name of a point away from the its current location. This is used to 
unclutter the display before making a copy of it.
23 Rotate  the basic display +15 degrees about the X-axis.
77
24 Rotate  th e  basic display +15 degrees about the Y-axis.
K e y se t
1 Toggle th e  Bending of a  new convex hull to the PS300.
2 Toggle th e  sending of new quadratic connections to the PS300.
3 Toggle th e  Bending of new quadratics to the PS300.
4 Toggle th e  sending of new quadratics’ geometry to the PS300.
5 Toggle quadratic geometry type (use Ps or P t  as apex of triangle).
6 Use 50 points in Rover curve display.
7 Use 100 points in Rover curve display.
8 Use 200 points in Rover curve display.
9 Reset u =  v = l /2  and a = b = 2  on PS300.
16 Let a ,b ,u ,v  all vary. (ROVER).
17 Let a ,b ,u  all vary with v — 1-u. (ROVER1).
18 Let a and  b vary with u=v = l /2 .  (ROVER2).
20 Toggle display type of quadratics and Rover from solid to dotted.
24 Display curve type, point location and shape factor values.
25 Display only shape factor values.
26 Do not display any character values.
27 Do not display any character and remove axes from display.
30 Spawn a subprocess.
31 Quit the program.
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